Convex Optimization

Problem set 5

Due Friday June 1

1. Consider the projected sub-gradient descent method:
20D Tl (2 — 1OV f(20)) D)

wherell is a projection into the feasible set. In class we showedwithta specific choice
of step sizes®), the output:

i*) = arg (.)min f(z®)
converges to the optimum, with suboptimality affeiterations bounded by)(,/%),
where||z|| < B forall z € G andf is L-Lipschitz.

(a) Prove thatif the domain is bounded afug Lipschitz, then with any choice of stepsizes
such that

k
th 220 and Y 0 2 )
=1
the output of projected sub-gradient descent will convéngbe optimum, i.e.
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(b) Even if the conditions (2) are satisfied, the rate of cogwece might be very bad, and
in particular much worse thed(Z:£"). Consider for example step sizestdf = 1/k.
i. Verify that these stepsizes satisfy (2).

ii. What is the bound on the suboptimality afteiterations that you can obtain using
these stepsizes? What is the resulting bound onf the nunmiségsizes to attain
suboptimalitye?

iii. Show a simple one dimensional functigh: [0,1] — R, where using projected
sub-gradient descent with these stepsizes does in-fagteelqan exponential num-
ber of steps to reachsuboptimality.

(c) [Optional] More generally consider stepsizes of the faffh = 1/k?.

i. For what values op is Gradient Descent guaranteed to converge?

ii. Analyze the bound on the number of iterations requiredetache-suboptimality
as a function op. What is the optimap? What happens whenis very small?
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2. Recall that by definition, a functiofi: R? — R is L-Lipschitz with respect to norr-|| if
for eveyr,y € R%

[f(z) = fy)l < Ll =yl

Proove that a function is-Lipschitz with respect to norr-|| if and only if |V f(x)||, < L
for all subgradient’ f(x) at all pointsz, where||-||, is the dual norm tg-||.

3. As discussed in class, in order to execute the Mirror Desaigorithm, we have to be able
to efficiently solve optimization problems of the form:

min (p, a) +w(7) (4)
whereG is the domain and(x) is the prox function (distance generating function). We
already saw that this problem has a simple closed form whes a Euclidean ball and

w(z) =1 ||x||§. In this problem we will consider the prox function:

w(x) = le log x;
i=1

(@) For the domairG = {z|z; >0, ||z|, = 1} andw(z) as above, write down the op-
timization problem (4) as a constrained optimization peoblwith a single explicit
equality constraint (note that the definition ©fz) implies implicit inequality con-
straints).

(b) Write down the Lagrangian and the KKT conditions for tmelpem.

(c) Use the KKT conditions to solve the optimization probléfnrite down the expression
for the optimalz as a function op in closed form.

(d) Use this to write down the step taken at each iteration ofdvl Descent. l.e. write
down an explicit and easy to compute expressionf6r!) as a function of:*), the
subgradien® f(z(®)), and the stepsize”).

(e) [Optional] Explain how you would solve (4) and implement a Mirror Dedcsrp for
G = {z|x; > 0,||z||; < 1} with the same prox function.



